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THE TWO-DIMENSIONAL LOADING PROBLEM OF AN
ELASTO-PLASTIC PLANE WEAKENED BY A HOLE"

G.I. BYKOVTSEV and YU.D. TSVETKOV

A general approach to the solution of problems on finding the elasto-
plastic boundaries of a plane under tension weakened by a hole, is
considered. The propagation of the plastic domain in the plane is
studied during the loading process, when part of the hole outline is in
the elastic zone. A method is developed for carrying the matching
conditions of the sclutions from the elasto-plastic domain over to the
hole contour, which would enable the determination of the elasto-
plastic boundary to be reduced to the solution of a seguence of boundary
value problems of elasticity theory. The possibility of applying the
method developed to the problem of the uniaxial tension of an elasto-
plastic plane weakened by a circular hole is analysed.

Many elasto-plastic problems in which the whele body contour is
enclosed by the plastic domain /1, 2/ are solved by the method of
perturbations. If the plastic flow starts from a certain point of the
body contour, this method reguires some modification /3/. The exact
solution of the problem of the biaxial tension of an elasto-plastic
plane weakened by a circular hole is obtained in /4/.

1. The plane state of strain of a loaded elasto-plastic plane weakened by a cylindrical
hole with generators parallel to the z; axis is considered. Let L be the contour of the hole

in the &, plane.
The equilibrium equations that have the following form in the absence of mass forces:

Gaﬁ'ﬁzo (11)
hold in the elastic and plastic domains of the plane.
It is assumed that the hole boundary is stress-free, while forces Pyand P, (P,> P|) are
applied, respectively, to the plane at infinity parallel to the ¥ and % axes of a Cartesian
rectangular coordinate system

Jealtalty IL = Oapltalp =0, ou®= P, 0% =P, (1.2)

where Ry, fg (¢ =1, 2) are unit vector components of the normal and tangent to the hole cutline.
The solution of the problem under consideration can be found in the elastic domain by
means of the Kolosov-Muskhelishvili formulas /5/
01 + O =4 Re @ (2), 03 — 0y + 200, =220 () + ¥ (1] (1.3)
where @ {3) and@ ¥ (z}) are certaom analytic functions of the argument 2 ===2; + iz,.
The stresses originating in the plastic domains of the plane satisfy the Tresca plas-
ticity condition
SupSup == K2 Sap = Ogg — O0gg, O == Ouqa/2 (1.4)
If @ is the angle between the first principal stress and the I, axis, then taking account
of (1.4) the relation between the stress components and the principal stresses in the plastic
domain is /1/
On

Uz}r-:(xj:kcos&p, 012 =k sin 2¢, k:-—;—-(m-—-az) {1.9)
2

Satisfaction of the condition of continuity for the stress components
[0’«5} ?La =0 (16)
is assumed on the boundary L, of the elastic and plastic domains.

The relationships {1.1)-(1.6) completely define the state of stress of a plane with a
hole for biaxial tension.

2. For certain values of the tensile forces P, = P,y == const, P, < P,;,, let a plane
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weakened by a hole be in the elastic state, and for Py,=PF,, let at least one point A of the
contour L exist at which condition (1.4) will be satisfied. The rectangular Cartesian co-
ordinate system in Fig.l is displayed so that the z; axis passes through this point perpen-
dicular to the tangent drawn to L at the point A. For P,>»>P,, a plastic zone is formed
around this point.

In parametric form the equation of the boundary L, can be written as

7o (8) = 2@ (8) + r (8} nex 2.1)

where B is the slope of the unit normal drawn to the contour L to the #; axis, %9 ®) (o=
1,2) are the coordinates of points of the contour L, and 7({8) is the magnitude of the segment
along the normal to the boundary L with origin at L.

Taking account of (2.1) the conjugate condition for solutions (1.6) can be written in
the form

i

m §"sg 1 rk 0%e2
r ob r aB
2 T = E e on L (2.2)
k=0

==l

where 0% and 035 are stress components in the elastic and plastic domains, respectively.
Therefore, the boundary conditions (1.2) and {2.2) in
combination with {1.5) enable us to solve the equilibrium
equations and to determine the stress components ogy, cﬁs as
well as the unknown function . r (8).
Let P, =P, =0 and the magnitude of the tensile force
Py e P vary as a certain small parameter g increases

P=Py+ S &P, Po—Py (2.3)

==}

Since the position of the boundary L, depends on the
quantity P, it is then natural to seek it in the form

Fig.l = .
T == 2y + ng 3 €13 (2.4
iz}

The stress components in the elastic domain are represented for £ > Py in the form
Oap=0G) + 3 e'ol) (2.5)
=1

where ogg are the stress components corresponding to the tensile force P,

Let 2, (8,) denote the coordinates of the points of intersection of the boundary L,
fér P> P, and the hole outline L. If the external loading process is sufficiently smooth
and the transition of the elastic work of the material of the plane to the plastic work is
smooth, then it can be assumed that the angle 0, of enclosure of the contour L by the plastic
zone will be a quantity of the order of e.

The equilibrium Egs. (l.l) are written in orthogonal curvilinear coordinates z and y in
the form

& & i} —
et Hr 2o, Dmo g Mt g 2.6)

O = Oy, Oy==0yy, Ty == Tgy H=1 + y}R

Here the arclength AB of the contour L (Fig.l) is taken as the coordinate z while the
length of the normal BC is taken as the y coordinate.

The stress compeonents (1.5) in the plastic zone are represented in the new coordinate
system in the form

oy

o }maikcos2(q)-9), Ty =k 5in 2 (@ — ) .7

It will later be necessary to replace the angle ¢ by the angle ¢ — 6, while preserving
its previous notation, when going from the %3 coordinate system to the 2y system.
Inserting the relationships (2.7) into (2.6), we obtain after reduction

—Z—z— — 2k [(—-g-i:-— — —;—i—) sin2¢ — H-g—;— ©0s 2q;] =0 (2.8)

HZ—:+2R[(—§—S— — —;T)cos&p-i- Hg—;)sin.?(p] —0
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In the notation used the equation of the elasto-plastic boundary (2.4) is written as:

z=20, y= Z eiri —er 2.9

i==1

The equilibrium equations are valid everywhere in the elastic domain, including the
boundary L, and therefore, by using the relationships (2.5) and (2.9), Egs.(2.6) can be
represented in the form

o o«
1 am+1c§ck) & amﬂ.rs;;)
{;} mz“o—"? [ ﬁ.t(?ym + <1 + R ) aym+1 -+ (210)
m_(i)
i 9 Ty ]8m+kl.m} —0
R 3ym L
0 o k _ ,‘
P
o Lol m! dzoy" R) ay™HL
() S ()
_1_( sy _ "l )]Bmﬂ(fm}' —0
R aym 0ym L

Egs. (2.8) hold everywhere in the plastic domain including the boundary L,.
The following equality can be considered the result of the assumption about the order of
smallness of the magnitude of the angle O, of enclosure by the plastic domain:

7,0 = o () (2.11)
Taking account of (2.7) and (2.9), we can write (2.8) to O (g) accuracy in the form
s ap . as ap 1 _
[Z 422} =0, [+ 2k(3 — %)}, =0 (212)

Along the contour L free from an external load the magnitude of ¢ is constant, from which
by taking account of the plasticity condition we conclude

ol =k 2.13)

There results from the condition that the angle ¢ is constant along the load-free hole
contour

deldz |, = 0 (2.14)
According to (2.13) and (2.14), Egs.(2.12) take the following form to O (g) accuracy:
a¢/dy | = 0, d0/dy |t = 2k/R (2.15)

Taking account of (2.9) and (2.15), the stress components along the boundary L, can be
written as follows to O (e?) accuracy from the plastic domain side

a, = e2kr/R, o0, = 2k 4 e2kr\/R, T, =0 (2.16)
Taking (2.5), (2.9) and (2.16) into account, the matching condition of the solutions (1.6)
in the 7y coordinate system are rewritten to O (¢?) accuracy in the form of the equalities
as(®
@ v 2k © 5 47
oy ILW——rl ( By L—T) y (Ux IL——Zk)-}-sGS})]L: (21/)
a5 2% ® at®
—_ PR R g Xy
m( y | R ) v = —n dy |L

We examine the term F (z) = 0, | — 2k on the left-hand side of the second equality in

(2.17). By the assumption made above, a plastic state is realized at the point A of the
contour L for P = P,. At the same point 0, takes its maximum value on L, i.e.,
03(0)
0) = (6 — =0, 2 __ T —
F0)= (03" = 2b) |y =0, —| =-—| =0 (2.18)

Taking these equalities into account, the Taylor series for the function F (z) can be
written in the neighbourhocod of the point A in the following form:

5 S 1 JF
Py Y oo |

~ —

2™ =0 (&) (2.19)

since 7 in relationship (2.19) lies on the arc [0; 2 |
To determine the order of smallness of the other quantities in the boundary conditions
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(2.17) it is necessary to consider (2.10) for the zeroth approximation (¢ = 0)

(0} () (0}
{a°’° + Ty } —0 {6Tw S = (2.20)
8z dy }lL ’ 3 ay L~ R ’
From the first relationship in (2.18) and the assumption (2.11) it follows that:

80®/6z |, = 0 (e}, from which according to the first equation in (2.20) &t9/éy |L = o (). Since
the side surface of the cylindrical hole is stress-free, the equality ot%/oz I, =0 is valid,
and taking it into account we obtain from the second equaion in (2.20) 6Uy°)/0y I — 2k/IR = o ().

Therefore, to an accuracy of O (g) the boundary conditions (2.17) can be written in the
form

) s
o], =0, 0;1)|L:_,1(_x~i) . 1@l =0 (2.21)

dy R

L

The first and third conditions in (2.21) in combination with the condition at infinity
determine the state of stress of the material of the plane in the elastic domain

1
o — pe?, o = ho®, 8 =k, h=const

Substitution of these solutions into the second boundary condition (2.21) yields

35
ri= 2kh (———S’C
ay

-1
L 2—};‘) ==const 4 O () (2.22)

Comparing relationships (2.11) and (2.22) we obtain
m=Pi—h =0 (2.23)

Therefore, under the assumption (2.1l) made relative to the order of smallness of z,©®
the expansion of the desired solutions in series in the small parameter starts with the
second power of &.

Without loss of generality we can set

P =Py(1+¢) (2.24)

thereby defining the small loading parameter which had been undefined in all the previous
expansions.

Using relationships (2.23) and reasoning as before, the stress tensor components along
L, from the plastic domain side can be written with O (&) accuracy in the form

o, = e*2kry/R, o, = 2k + €*2kry/R, T,, = 0

Taking these equalities into account, the matching condition of the solutions (1.6) are
written to O (8% accuracy in the form

959 2% )
=N\ TF

, (2.25)

L

oP =0, 5@ — 2k + o’} i

Tgl) ILZO
The first and third boundary conditions in (2.25) in combination with (2.24) determine
the state of stress of the material of the plane in the elastic zone

2 __ 0

@ __ O @ a9, 18 =)

Oy Oy s Ox
The second condition in (2.25) enables us to find the function

o _ (0) -1
Sy I — 2k (2% a3
ry= (—————x = + 0P IL) k—R - ——a; L\
7/

Therefore, taking account of the assumptions made, the problem of the uniaxial tension
of an elasto-plastic plane weakened by a cylindrical hole can be reduced to a set of elasticity
theory boundary value problems. The boundary conditions for the sequence of elastic problems
are determined by using the matching condition for the solutions on L,. They can be written
as follows in general form

o =1 (ri e, 2) (2.26)
oty IL = ff?ﬂ) (rivnr, 2)

S| — 5 (r e, 2), 1=2,3,...
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(2)

ol 0)

2]
=00, 0@ —=q®, @__©

Ox ax’y Txy = rxy

The first and third boundary conditions in (2.26) determine the state of stress of the
material of the plane in the solution of the corresponding elastic problem; the desired
function ri;; is found by using the second boundary condition.

A constant, which is a result of the static determinancy of this problem, is imposed on
the solution constructed for the problem under consideration: each plastic element of the
plane should be connected to the hole contour by slip lines that lie entirely in the plastic
zone.

We also note that the series expansions in the small loading parameter introduced above
are not Taylor series expansions since the dependence of z,® on & is not taken into account,
i.e., the expansions constructed are formal. The following reasoning justifies such an
expansion: the solutions being obtained in the elastic and plastic domains satisfy the
theories of elasticity and plasticity as well as the boundary conditions; only the conditions
on the elasto-plastic boundary are satisfied approximately, consequently, the differences
in the stresses on the boundary L, were determined numerically for the solution constructed
in the example examined below.

3. A problem of biaxial tension of a plane weakened by a circular hole of unit radius
is considered. The solution of the elastic problem with boundary conditions (1.2) is sought
for Py = Pyy, Py = Py (Pyo/P1y> 1) by using (1.3) and will be /5/

1 1 1 1 1 .
ogw:_z_A(1_7)_73(1+37_4_rz_)cosze 3.1)
o_ 1 1 1 1

(2] E—Z—A(1+7;)+-2—B(1+3ﬁ‘)00529

W= B(1+27 —3=)sin20; A=Py+ Pu

B="Pyy— Py,

Let the conditions at infinity be given in the form
on® = Py (1 4 ag?), 0y° = Py (1 + &%), ac=10, 1] (3.2)

The stresses (3.1) satisfy the plasticity condition (1.4) at two points of the contour
L with the coordinates (1,0), (I, ®) for Py== Py, P, = Pyy (3Py — Pyy=2k). For Py >Py (3.2)
plastic domains are formed around these points, wherein the stress components are determined
by the equalities /1/
o =2kIlnr, o =2k + 0F, T’ = 3.3

Taking account of (2.23) in polar coordinates, we write Eq. (2.4) of the boundary L, in
the form
re=1+4 e, + &%3; + O (&%) (3.4)
The angle 6, of hole contour enclosure by the plastic domain is determined from the
conditicn
ry (e, 0,) =1, sin 6, = o () (3.5)
According to (3.3) and (3.4) the stress components cragp along the elasto-plastic boundary
will be the following

o,f ‘L, = 2k [e%ry + €5 + O ()], oo lLa =2k + &%, + &5 + 0 (&%), e ILa =0 (3.6)
Taking (2.5), (3.4) and (3.6) into account, the matching conditions for solutions (1.6)

can be written in the form

85© 95
{020) + g2 (09) + ;: rz) + ¢t (05-3) + =5 rs) +0 (64)}
2k [e2r, + €%ry + O (e%)]
o I @ 9
oy’ + e |on + —5—ry) + e {0 + —5; r) +0 )
2k [1 + €ry + €3r5 + O (e%)]
310 a1{®
(e (s 52 ) o (94 50)  0e)

(3.7)

Le

Le

=0
Ly

where L, is the part of the hole contour in the plastic zone.
The boundary conditions to find the second approximation of the solution of (l1.1) in
the elastic domain are determined by (3.1), (3.2), (3.5) and (3.7) and will be
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(2) 2
or =0, T(re) [r=1 =0, o,;*=0aP, 052" = Py

(3.8)
0@ |.my — 4(Pyy — P1o) €7 sin8 = 2ry (5Pyy — 3Pyp)

The solution of the problem formulated with the first four boundary conditions in (3.8)
has the form (3.1) for A = P,y + aPy, B= P,y — aPyy. The unknown function r, is determined
from the fifth condition in (3.8)

$o 51 sin20 _
P 2 > T = 3Py, — Py,

5y = 5Py — 3P,

r2:

$3=Pyy — Pyp» 3.9)

The first approximation 0,%

for the angle of enclosure of the contour L by a plastic
zone is found from (3.5) taking

(3.9) into account

. 1
sin8) =4 e/ s,/5, (3.10)

The boundary conditions to determine the third approximation of the solution of the
problem under consideration are written according to (3.2) and (3.7} in the form

oP |, =0, 1@, = —8us;etsind, 0, =0,%=0, 3.11)
o |, = 2s,ry, w==sign (cosH)

on the segment [—m, =l

the
will have the form

re® |,-1 is an odd function. Its Fourier series expansion

o
@ = > #ym cos 2m0
m=1

(3.12)
2 {ﬁ [ sin (2m — 1) 8 sin (2m - 1) 1) ]
b”":? v 2m —1 - 2m +1
[ sin (2m — 3) 8D sin (2m - 3) 6 ]}
2m — 3 - 2m +4-3

C=4 (3%-i), D——42

[ 5928
The solution of (1.1) with the boundary conditions (3.11) and (3.12) is sought by using
(1.3) in which the functions-®(z)and ¥ (z) are determined by the relations /5/

1 v " 1
VE@=—7 ) b, Y@=— Y bmln+ 1)
m=1 =1

o= i (m +1) by r_:'"_ (1 — %) cos 2m0

3.13)
m=1
3) \ 1 m—1 1
of _Z (m + 1) bym rz_m(m — —;;)cosZmO
m=]
®__ 1 m 1 .
Trg=—= — 2 (m + 1) by -—r?'m (_m gy - ',_n) sin 2m@
m=]
Taking account of (3.5), (3.12) and (3.13), we determine the unknown function rg from
the fifth boundary condition in (3.11)
_ 8 5[ & singQ® 4 sin®eg sin O sin? 0
ra—Ts—‘, [? P’ —~-g = —4 = +0(£)

The second approximation 0*(2) for the angle of enclosure of the contour L by a plastic
domain is determined from the relationship

sin6) = (g e/ 22 —er L)

sy 3nsy
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In the case of uniaxial tension (P, = 0} of an elasto-plastic plane with a circular
hole, we have

3
(=1 252), ot VT
]

1
8 .
o gt@—lszw, mmm~4%avs s*i)

The position of the elasto-plastic boundaries L, is shown in Fig.2 for the case of
uniaxial tension of a plane with a circular hele, while graphs are given in Fig.3 for the
dependence [o0,)/2k (the solid lines), logl/2k (the dashes), I[vs)/2k (the dash-dot lines) on
T =sin 6/sin 8, alonyg the boundary L, for values of the small loading parameter & = O0.3;
0.4; 0.6 (curves I~3, respectively).

a6 a4

*,

g4 06z

A rdraTn
42 . g T

g -402
88 TS iz

Fig.2 Fig.3
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